The dynamic electric dipole polarizability function for the magnesium atom is formed by assembling the atomic electric dipole oscillator strength distribution from combinations of theoretical and experimental data for resonance oscillator strengths and for photoionization cross sections of valence and inner shell electrons. Consistency with the oscillator strength (Thomas-Reiche-Kuhn) sum rule requires the adopted principal resonance line oscillator strength to be several percent lower than the values given in two critical tabulations, though the value adopted is consistent with a number of theoretical determinations. The static polarizability is evaluated. Comparing the resulting dynamic polarizability as a function of photon energy with more elaborate calculations reveals the contributions of inner shell electron excitations. The present results are applied to calculate the long-range interactions between two and three magnesium atoms and the interaction between a magnesium atom and a perfectly conducting metallic plate. Extensive comparisons of prior results for the principal resonance line oscillator strength, for the static polarizability, and for the van der Waals coefficient are given in an Appendix.
Calculations of dynamic electric dipole polarizabilities are of intrinsic theoretical interest due to the challenges inherent in treating correlations and excitations of all electrons quantum-mechanically at different photon energies [12, 13] . Such calculations are necessarily important benchmarks for theoretical methods applied to photoabsorption [14] , photodetachment [15] , blackbody radiation shifts [16] [17] [18] and AC Stark shifts [19] , magic wavelengths [20] , and parity non conservation amplitudes [21] , as well as being helpful in the ongoing development of density functional theory (DFT) methods for dispersion forces (cf. [22] [23] [24] [25] [26] ). In addition, for metals experimental data at a wide spectrum of photon energies are relatively scarce though X-ray data, and sometimes optical data [27, 28] , are available. There is recent progress for systematically measuring static polarizabilities [29] . Many theoretical approaches are available, but their reliability in calculating dynamic polarizabilities can be difficult to gauge without critical evaluation, but critical evaluations are limited to the static polarizabilities [30] [31] [32] . Nevertheless, dynamic polarizabilities are of great utility in calculating coefficients appearing in certain potential energies, particularly van der Waals constants (for investigations of ultra-cold collisions, for photo association spectroscopy, and for ultra-cold gas studies) and LennardJones constants (for atom-surface interactions, where recent applications include tests for gravity-related new physics at submillimeter distances [33] [34] [35] , optical clocks [36, 37] , atom-graphene interactions [38] , noncontact van der Waals friction [39] , and interactions between nanostructures [40] ).
In a previous paper treating the sodium atom [41] , a semi-empirical theory utilizing oscillator strength sum rules and input data from experiments and calculations predicted a value of the van der Waals coefficient [41] , which was found to be in harmony with subsequent experimentally determined fits from photo-association spectroscopy data [42, 43] and ab initio theoretical methods [44] . In the case of sodium, the availability of precise measurements of the principal resonance line oscillator strength from photo-association spectroscopy and of the static electric dipole polarizability from atom interferometry augmented the semi-empirical analysis [41] . In the case of magnesium, such data are not available. Therefore, in this paper, for Mg, the electric dipole oscillator strength distribution is composed using extant data on electric dipole oscillator strengths, photoabsorption cross sections, and energies obtained experimentally and theoretically. As will be shown, consistency with the oscillator strength (Thomas-Reiche-Kuhn) sum rule requires a value of the principal resonance line oscillator strength that is several percent lower than values listed in critical tabulations by Morton [45] and by Kelleher and Podobedova [46] . Other evidence for the value adopted is given. The static electric dipole polarizability is evaluated and compared with other values. The dynamic polarizability function is calculated and compared with previous results obtained by Porsev et al. [10] using configuration interaction and manybody perturbation theory with core contributions (CI-MBPT) [47] and by Jiang at al. [11] using the configuration interaction with semi-empirical core-valence interaction (CICP) method. The present dynamic polarizability function is used to evaluate the van der Waals constant, Axilrod-Teller-Muto constant, and atom-surface interactions. Results from the literature for the principal resonance line oscillator strength, static electric dipole polarizability, and van der Waals constant are collected and compared in the Appendix.
II. DIPOLE OSCILLATOR STRENGTH SUM RULES
The absorption oscillator strength from the ground state |0 with eigenvalue E 0 to an excited state |n with eigenvalue E n is
where r i is the position vector of electron i, and N is the number of electrons. Atomic units are used throughout unless otherwise specified.
Denoting by S n the sum-integral (the sum over all discrete transitions excluding the initial state and the integration over all continuum states), the resultant sum rules are
with N = 12 for Mg,
and
where α(0) is the static electric dipole polarizability. The dynamic electric dipole polarizability function is
where ω is the photon energy. By direct integration the S(−1) sum rule is related to the atom-wall interaction
the van der Waals coefficient is
and the Axilrod-Teller-Muto coefficient is
III. OSCILLATOR STRENGTH DISTRIBUTION
A magnesium atom has twelve electrons. [52] , and Derevianko and Porsev [53] .
There are numerous theoretical determinations of the oscillator strength for the principal resonance line (3s
A detailed survey is given in the Appendix. Reliable theoretical calculations range from 1.709 to 1.76, and there were at least ten experimental determinations as of 2003 [45] . In a critical review, Morton [45] adopted a value of 1.83 ± 0.03 based on a weighted mean of the ten experimental values. A long-standing discrepancy between experimental and theoretical trends was noted previously [54] [55] [56] [57] . Including the principal resonance line, the discrete transition contribution from the 3s shell to S(0) is 1.90 and to S(−2) is 71.4.
B. Continuum transitions
A number of sources exist for the continuum oscillator strengths corresponding to the ejection of a 3s electron . The photoionization cross sections calculated using a variational MCHF method by Fischer and Saha [74] the "complete" experiment of Haussman et al. [83] , for which the total absorption cross section of Ref. [82] are adopted for energies from threshold to 11.6 eV and the 3s cross section data were extended to higher energies using the results of Verner et al. [78] .
The contributions to the three sum rules S(0), S(−1), and S(−2) from the continuum are, respectively, 0. measured the shake-up peak just above the threshold, but absolute cross sections are not available. The cross sections of Verner are adopted from the threshold for ejection of a 1s electron at 1310.9 eV. The K shell contribution yields 1.56 to S(0) and it is negligible for S(−1) and S(−2). The 1s contribution to S(0) found here for Mg is comparable to that found for Na [41] . Table I .
The contributions to the sums S(0), S(−1), and S(−2) from the excitation of the 1s, 2s, 2p, and 3s electrons are summarized in Table I .
C. Discussion
Stwalley [88] , Pal'chikov and Ovsiannikov [95] , Ovsiannikov et al. [96] , and Sarkisov et al. [28] constructed oscillator strength distributions of Mg for calculations of dynamic polarizabilities, considering valence transitions. Sarkisov et al. [28] included an estimate of 2p excitations.
From their tabulated data, the results of Pal'chikov and Ovsiannikov [95] and Ovsiannikov et al. [96] indicate a total Including all shells, the present value of α(0) is 72.2 from the S(−2) sum rule, see Table I . It lies only 0.2 above the range of values 71.3 (7) recommended by Porsev and Derevianko [47] and it is compared with a number of other theoretical calculations in the Appendix.
Note that if the value 1.8 is adopted for the principal oscillator strength [46] , without any other adjustments to the adopted data, the present S(0) sum becomes 12.05 and α(0) becomes 73.4, which is far beyond the value recommended by Porsev and Derevianko. The value 1.83 for the oscillator strength adopted by Morton [45] is more difficult to reconcile within the present analysis. The S(0) sum becomes 12.08 and the value of α(0) becomes 74.6. Sarkisov et al. [28] use the oscillator strength data from Morton [45] and estimate the 2p and 3s continuum contributions using the data from Verner et al. [78] and find α(0) = 73.6. Stwalley's early calculation [88] A recent experiment [29] using a pulsed cryogenic molecular beam electric deflection method obtained a value α(0) = 59(15), which is not sufficiently accurate to discriminate between theoretical calculations.
Reshetnikov et al. [89] explored the relationship between the uncertainty in α(0) and the uncertainty in the lifetime of the first resonance transition in two-valence electron atoms and ions. Their formalism allows a valence shell contribution to N that is not exactly 2, as found here and in Ref. [90] . In terms of the the valence contribution, N e , the principal resonance line oscillator strength f 3s,3p , and the excitation energies of the first and second resonance transitions, respectively, E 3s,3p and E 3s,4p , they give
and an uncertainty estimate for the polarizability
Using the present adopted value f 3s,3p = 1.75, calculated value N e = 2.16, and transition energies [46] Reshetnikov et al. [89] demonstrate that the present results are mutually consistent, but the estimates obtained are not sufficiently precise to allow selection of a particular value of f 3s,3p from the many available values, see Appendix.
The availability of a more accurate measurement of α(0) and a definitive measurement of the principal resonance line lifetime would significantly improve the present model [41] . Nevertheless, the values adopted here, in particular f 3s,3p = 1.75, generate sum rules that are consistent and not in contradiction with other major studies, while a value of f 3s,3p ≥ 1.8 is inconsistent.
IV. DYNAMIC ELECTRIC DIPOLE POLARIZABILITY FUNCTION
The dynamic electric dipole polarizability function at imaginary frequencies is constructed using the discrete and continuum oscillator strength data as assembled in Sec. III.
The continuum oscillator strength distribution is given in terms of the photoionization cross section σ(E) by
with α fs the fine structure constant, and the dynamic dipole polarizability at imaginary energy is
The function α(iω) resulting from the analysis in Sec. III is shown at low energies in Fig. 1 . It may be compared with the calculations of Derevianko et al. [10] and those of Jiang et al [11] . The present function α(iω) was evaluated at the fifty energies corresponding to the energies ω k of a 50-point quadrature, as listed in Table A of Ref. [10] , and the energies for a 40-point quadrature listed in Table C of Jiang et al. In Fig. 2 the data are plotted. Agreement is very good between the present results and the CI-MBPT results of Ref. [10] . There are noticeable discrepancies
FIG. 2: For the dynamic dipole polarizability function α(iω), comparison between the present values (line), the configuration interaction with semi-empirical core-valence interaction (CICP) values from Ref. [11] (circles), and the configuration interaction and many-body perturbation theory with core interactions (CI-MBPT) values from Ref. [10] (squares).
between the present results and the CICP results of Ref. [11] . To further investigate the discrepancies, in Fig. 3 the percentage difference between the values from the functions given in Ref. [10] or Ref. [11] and the present values are shown. The present model and the calculations of Ref. [10] agree within several percent at all energies. The present values are larger than those of Ref. [10] at low energies, due to the larger principal oscillator strength adopted herein. The several percent agreement across all energies is satisfactory and a more detailed analysis might await an accurate experimental value for α(0) and a definitive measurement of the principal resonance line oscillator strength.
In contrast, the differences between the present model and the model of Ref. [11] are made apparent in Fig. 3 showing that the CICP model of Ref. [11] yields larger values for α(iω) in the energy range of 1 to 200 au. The difference may arise due to the choice of "effective" core oscillator strengths in the CICP model [11, 97] . The percent difference peaks at about 16 % around 5-6 e 2 /a 0 (135-160 eV) placing the missing oscillator strength of the CICP model in the inner s shells, where the "effective" oscillator strengths are placed to model inner shell absorption [11, 97] .
V. APPLICATIONS A. van der Waals coefficient C6
The long-range potential energy between two Mg atoms separated by a distance R is −C 6 /R 6 , where C 6 is given by Eq. (7). For the van der Waals coefficient, I find C 6 = 642.4 by evaluating Eq. (7) using the quadrature method of Ref. [10] ,
using the present values of α(iω) evaluated at the energies ω j and with the weights w j given in [88] . A more detailed survey and comparison of other determinations of C 6 is given in the Appendix.
B. Atom-wall coefficient C3
The long-range potential energy of an Mg atom at distance z from a perfectly conducting wall is −C 3 /z 3 , where C 3 is given by Eq. (6). Mitroy and Bromley [97] calculated C 3 = 1.704 using the CICP approach, while the CI-MBPT value is 1.666 [10] . Lonij et al. [6] gave an approximate value of 1.51 using a limited 4-parameter model for the dynamic polarizability. The value of C 3 is known to be sensitive to the completeness of the description of the core electrons [44, 99, 100] .
The present value is C 3 = 1.69 using C 3 = 1 8 S(−1) and the value of S(−1) from Table I and 1.687 using Eq. (6) and the quadrature from Ref. [10] ,
Both of the present values (sum rule and quadrature) are in larger than that of Ref. [10] . The slightly larger value of C 3 from the CICP calculations, Ref. [11] , is consistent with the relatively larger values of α(iω), as discussed in
Sec. IV and shown in Figs. 2 and 3 .
C. Other properties
The Axilrod-Teller-Muto coefficient C 9 , Eq. (8) Using the dynamic polarizability function I evaluated, Eq. (8), using the quadrature of Ref. [10] ,
and obtained C 9 = 34 480.
The larger value for C 9 found here mainly reflects the larger principal oscillator strength 1.75 adopted compared to the principal oscillator strengths found in Refs. [97] and [10] . The oscillator strength appears as a cubic power in 
VI. CONCLUSION
Experimental and theoretical data were assembled and used to formulate the dynamic polarizability function for Mg. I find that consistency in the sum rules can be achieved using the adopted value of the principal resonance line oscillator strength to be 1.75; lower than the curated values of 1.83 [45] and 1.8 [46] , but in agreement with theoretical calculations. Comparisons of the dynamic dipole polarizability functions from the present work and those calculated using the CI-MBPT approach and the CICP approach were presented. Good agreement (within several percent) was found with the CI-MBPT results over all photon energies providing an independent confirmation of the CI-MPBT approach for Mg [10] . For the CICP method the differences were more pronounced, approaching 16% at energies around 5-6 e 2 /a 0 , or about 135-160 eV, indicating that the "effective" oscillator strengths of Refs. [97] and [11] Ref. [97] for the van der Waals constant.
For the oscillator strength, as discussed in the Sec. III, it was noted in several recent papers [56, 57] that in general the most sophisticated theoretical calculations lie several percent below the published experimental values, see also earlier similar comments in Refs. [63] , [55] , and [49] . Also, it was noted that the "best" calculations lie below [57] the adopted value of 1.8 in the NIST tabulation [46] . As shown in Table II theory functionals is given in Ref. [22] . The R-matrix calculation of Robb [120] is 75(5); the relatively large value results because core-valence correlation effects were not included [90] . Excluding the relatively large value from Ref. [115] , the CI, MRCI, CICP, and MBPT calculations fall in the range from 70.74 to 71.7. Reshetnikov et al. [89] use a semi-empirical method that utilizes a sum rule with constraints and error bars determined using measured the lifetime and excitation energies. Their value is 74.4(2.7), with the accuracy limited by the available input data.
The recent experiment of Ma et al. [29] using a cryogenic molecular beam found a value of 59(15), which is not yet sufficiently accurate to test the calculations against.
Table IV presents a collection of van der Waals constant values from the literature and a significant range is apparent, though the CI+MBPT and CICP calculations, which include models of core electron excitations, are in good agreement. The value 620(5) from the model potential (MP) calculation of Santra, Christ, and Greene [121] is close close to the pseudopotential (PP) calculation of 618.4 from Maeder and Kutzelnigg [90] , both of which include effective potentials to account for the presence of core electrons, but don't fully include their excitations. The MP calculation from Patil [112] , however, is significantly larger, at 648. Three DFT calculations are listed in Table IV . Hult et al. [122] introduced a local dielectric function and cutoff on the interaction volume and obtained 615. In contrast, Chu and
Dalgarno used time-dependent DFT with a self-interaction correction (TDDFT-SIC) and an empirical correction to obtain 626 with an estimated uncertainty of 1%. Patkoswki et al. [119] used the symmetry adapted perturbation theory codes, SAPT(DFT), and obtained 635. The calculation of C 6 by Stanton [117] used a quadrature and values of the dynamic polarizability at imaginary frequencies calculated using the CCSD-EH coupled cluster approach with the basis sets from [118] . The CI-CV calculations of Moccia and Spizzo [115] in the velocity gauge (VG) and in the length gauge (LG) are substantially larger than the other listed calculations. Robb [120] estimated his R-matrix calculation to be accurate to 10 %. Stwalley [88] used an empirically constructed polarizability function to calculate C 6 . The large value for C 6 corresponds to the choice of 1.82 for the principal oscillator strength. In Ref. [2] it was found that a 2% uncertainty in C 6 leads to an uncertainty of no more than 0.3 nm in the scattering length for 24 Mg 2 .
